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 Abstract:  This study deals with stress analysis of func-
tionally graded discs subjected to internal pressure and 
various temperature distributions, such as uniform  T , 
linearly increasing  T o , and decreasing  T i temperatures in 
radial directions. For analytical study, the closed-form 
solutions for stresses and displacements are obtained by 
using the infinitesimal deformation theory of elasticity. 
For graded parameters, power law functions are used in 
analytical and numerical solutions. For numerical study, 
discs are modeled and analyzed by using a commercial 
finite element program, ANSYS  ®  . Metal matrix composite, 
AlSiC, is selected as disc material. Results obtained both 
analytical and numerical solutions are found very well 
consistent with each other. The tangential stresses are 
found higher than the radial stresses at the inner surface 
for all thermal loads, and they vary from compressive to 
tensile and from tensile to compressive depending on 
the functionally graded material (FGM) properties and 
temperature loads. The radial stresses are found zero at 
the inner and outer surface and higher at one third of the 
disc section near the inner surface. They are also found as 
compressive and tensile stresses depending on the mate-
rial properties and temperature loads. 
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1   Introduction 
 A lot of materials with mechanical and physical properties 
that vary continuously as a function of position within the 
materials occur in nature, and they are known as continu-
ously nonhomogeneous materials. The mechanical bene-
fits obtained by a material gradient may be significant, 
as can be seen by the excellent structural performance of 
some of these materials, called functionally graded mate-
rials (FGMs)  [1] . FGMs are being used as interfacial zone 
to improve the bonding strength of layered composites to 
reduce residual and thermal stresses in bonded dissimi-
lar materials and as wear-resistant layers in machine and 
engine components  [2, 3] . Therefore, FGMs have been the 
subject of intense researches and attracted considerable 
attention in recent years. 
 Singh and Ray  [4] investigated creep in an orthotropic 
aluminum-silicon carbide composite rotating disc by using 
Hill ’ s anisotropic yield criteria. In that study, the results 
obtained have also been compared with the results obtained 
by using von Mises yield criterion for the composites. 
 Chen et al.  [5] presented a three-dimensional analyti-
cal solution for a rotating disc composed of transversely 
isotropic FGMs. Bayat et al.  [6] presented the elastic solu-
tions for axisymmetric rotating discs, which are made 
of FGMs with variable thickness. They investigated the 
effects of material grading index and geometry of the 
disc on the stresses and displacements. Gupta et al.  [7] 
investigated the creep behavior of a rotating disc made 
of isotropic composite containing varying amounts of 
silicon carbide in the radial direction in the presence of 
a thermal gradient, also in the radial direction. Horgan 
and Chan  [8] investigated the stress response in rotating 
discs and pressurized hollow cylinder or disc made of 
functionally graded (FG) isotropic linearly elastic materi-
als.  Ç allio ğ lu  [9] studied the stress analysis of the rotating 
hollow discs made of FGMs under internal and external 
pressures.  Ç allio ğ lu et al.  [10] studied analytical stress 
analysis of functionally graded rotating annular discs 
subjected to internal pressure and various temperature 
distributions, such as uniform, linearly increasing and 
decreasing temperature in the radial direction. Moham-
madi and Dryden  [11] examined the role of nonhomoge-
neous stiffness on the thermo elastic stress field in a FG 
curved beam. In all the studies with FGMs, it has only 
been considered a body with Young ’ s modulus varying 
radially. Durodola and Attia  [12] investigated deforma-
tion and stresses in FG rotating discs. They compared 
two methods, the finite element method and the direct 
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numerical integration of governing differential equations. 
 Ç allio ğ lu et al.  [13] studied stress analysis of FG rota ting 
disc with analytical and numerical solution. Sugano 
et al.  [14] have presented a method of material design for 
the weight reduction, the high thermal radiation, and 
the relaxation of in-plane thermal stress and centrifugal 
stress in a rotating disc without a hole composed of FGMs 
with arbitrary thermal and mechanical nonhomogeneities 
in the radial direction. Liew et al.  [15] have developed an 
analytical model for the thermomechanical behavior of FG 
hollow circular cylinders that are subjected to the action 
of an arbitrary steady state or transient temperature field. 
Tutuncu  [16] has obtained power series solutions for 
stresses and displacements in FG cylindrical vessels sub-
jected to internal pressure by using the small deformation 
theory. You et al.  [17] have investigated the stresses on the 
FG rotating circular discs under uniform temperature. 
Bekta ş et al.  [18] studied the elastic-plastic stress analy-
sis of a thin aluminum metal-matrix composite disc under 
internal pressure. Kur ş un et al.  [19] studied stress analysis 
of a FG disc under thermal and mechanical loads. In their 
work, the change of stresses, displacements, elasticity 
modulus, and thermal expansion coefficients according to 
the gradient parameters were investigated. A significant 
amount of these studies has been done in order to see the 
effects of the FGMs on the isotropic or composite disc. 
 In this study, stress analysis of FG discs subjected to 
internal pressure and various temperature distributions, 
such as uniform  T , linearly increasing  T o , and decreas-
ing  T i temperatures in radial directions are performed by 
using analytical and numerical methods. For analytical 
study, the closed-form solutions for stresses and displace-
ments are obtained by using the infinitesimal deformation 
theory of elasticity. For graded parameters, power law 
functions are used in analytical and numerical solutions. 
For numerical study, discs are modeled and analyzed by 
using a commercial finite element program, ANSYS  ®  . For 
disc material, metal matrix composite, AlSiC, is selected 
as a real material from MatWeb  [20] . Two types of discs are 
modeled depending on the amount of SiC in aluminum 
through the radial direction. Disc A has 30 % SiC at the 
inner surface and 70 % SiC at the outer surface, whereas 
Disc B has 70 % SiC at the inner surface and 30 % SiC at the 
outer surface. Results found from both discs are compared 
with each other and presented. All results obtained with 
analytical and numerical solutions are found very well 
consistent with each other. 
2   Stress analysis 
 The governing differential equation of equilibrium for a 








 where  r is the radial distance  (r i  ≤   r  ≤   r o ) .  r i and  r o are the 
inner and outer radii of the disc, respectively, as shown 
in Figure  1 . 
 The solution can be efficiently handled by using stress 
function,  F , that satisfies the equilibrium Eq. (1). Relation-








 where  F = F(r) is the stress function. 
 Owing to the symmetry, the strain-displacement rela-
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 where  ε r ,  ε  θ  , and  u are the strains in the radial and tangen-
tial directions, and displacement component in the radial 
direction, respectively. If  u is eliminated from these equa-
tions, a simple compatibility condition can be developed 




















 Figure 1   A functionally graded disc under internal pressure and various temperature loads. 
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 Using Hooke ’ s law for plane stress case, the strains 
are given by 
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 where E,  α , and T are the elasticity modules, thermal 
expansion coefficient, and temperature change, respec-
tively. They vary along the radial direction. Poisson ’ s ratio 
 ν can be considered as a constant due to its variation has 
much less practical significance than that of the other 
material properties. 
 Substitution of Eqs. (2) and (5) in the compatibility 
Eqs. (4) yields the following governing equation: 
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 where n and m are gradient parameters.  T i ,  T o , and  T 
are the inner, outer, and constant surface temperatures, 
respectively. Introducing the variable in Eq. (6), the dif-
ferential equation reduces to 
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 where  2 -4 4,k n nν= +  C 1 and C 2 are the integration con-
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 The stress components can be obtained from the 
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 The boundary conditions that are the disc is sub-
jected to internal pressure Pi at the inner surface and 
free at the outer surface, give C 
1
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 Using the small deformation theory of elasticity, 
radial displacement can be determined as  [9, 10] , 
 ( )





3   Materials 
 The disc is very thin, and the inner and outer radii of 
the disc are  r i = 50 mm and  r o = 150 mm, as seen in Figure 
1, respectively. The disc materials are selected as AlSiC 
metal matrix composites from MatWeb  [20] . The mechani-
cal properties of the discs, such as elasticity modulus and 
thermal expansion coefficient, are given in Table  1 . 
 Also, the mechanical properties of the AlSiC metal 
matrix composites are given in Table  2 . 
 Disc A has 30 % SiC at the inner surface and 70 % SiC 
at the outer surface, whereas Disc B has 70 % SiC at the 
inner surface and 30 % SiC at the outer surface. The vari-
ation of SiC along the radial direction of the metal matrix 
composite disc is obtained with regard to power law func-
tions on behalf of the elasticity modulus and the thermal 
expansion coefficients. Gradient parameters  n and  m are 
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obtained to provide the mechanical properties of the discs 
given in Table 2. 
 The elasticity modulus and thermal expansion coef-
ficients are given as normalized values along the radial 
direction of the discs in order to demonstrate the effects of 
FGMs. For E and  α , the following formal normalized vari-








 The variations of the normalized elasticity modulus 
 E ′ and the thermal expansion coefficient  α ′ along the 
radial direction of Disc A and Disc B are shown in 
Figure  2 . As can be seen from this figure,  E and  α are 
equal to those of the mechanical properties of the disc 
at the outer surface. Through the radius of Disc A, the  α ′ 
value increases, whereas the  E ′ value decreases gradu-
ally. For Disc B, this situation is completely opposite 
according to Disc A. For Disc A, the normalized value 
of  α ′ increases to 2.12 times when the normalized value 
of  E ′ decreases about 0.51 times according to the values 
at the outer surface. For Disc B, the normalized value of 
 α ′ decreases to 0.47 times when the normalized value of 
 E ′ increases to 1.98 times according to the values at the 
outer surface. 
4   Analytical and numerical 
solutions 
 In this work, the stress analysis is carried out on a cir-
cular disc made of FGMs using analytical and numeri-
cal methods. The inner and outer radii of the discs are 
 r i = 50 mm, and  r o = 150 mm, and the thickness of the disc 
is ignored as it is very small ( t < < < r ), as shown in Figure 
1. For the analytical methods, a small computer program 
is written in FORTRAN  ®  PS 4.0 according to Eqs. (7, 11, 
and 13) [22]. 
Discs Elasticity modulus 
E (MPa)
Thermal expansion 
coefficient  α (1/ ° C)
Gradient 
parameters for E (n)
Gradient 
parameters for  α (m)
Poisson ’ s 
ratio ( ν )
A 217,500 6.6e-6  0.620 -0.685 0.240
B 110,000 14e-6 -0.620  0.685 0.240






coefficient  α (1/ ° C)
30 % SiC 110,000 14e-6
40 % SiC* 146,600 10.23e-6
54 % SiC 167,000 9.5e-6
63 % SiC 192,000 7.5e-6
70 % SiC 217,500 6.6e-6
 Table 2   Mechanical properties of AlSiC MMC (MatWeb). 
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 Figure 2   Variations of the normalized elasticity modulus and thermal expansion coefficient (normalized values) for Disc A and B. 



















 Figure 3   (A) Plane42 element geometry. (B) Cross section of disc meshed by 100 axisymmetric elements. 
 For the numerical method, the disc is modeled 
and meshed by an axisymmetric element (Plane42 2D 
Structural Solid) in ANSYS  ®  , which is a commercial 
finite element program  [23] . In mesh refinement, an 
element is utilized per millimeter of the radius. This 
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 Figure 4   Variations of (A) tangential and radial stresses and (B) radial displacements at Disc A and B with internal pressure of 30 MPa. 
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100 mm in the radial direction, as seen in Figure  3 B. A 
code is written in ANSYS Parametric Design Language 
(APDL) regarding power law functions. In this code, it 
is considered that elasticity modules, thermal expan-
sion coefficients, and thermal loads vary according to 
Eq. (7) so that each mesh element has different material 
properties. 
4.1   Results under an internal pressure,  P i 
 The variations of the stresses and displacements are 
shown in Figure  4 for Disc A and B for 30 MPa internal 
pressure at  T = T i = T o = 0 ° C , respectively. It can be seen in 
Figure 4 that the analytical and numerical results are in 
good agreement. 
 As seen in Figure 4A, the radial stresses at the inner 
surface are equal to the internal pressure, and they 
slightly follow each other and get zero value at the outer 
surface for both discs. The tangential stresses at Disc B are 
higher than those of Disc A at the inner surface, whereas 
they are opposite and have a slight difference at the outer 
surface. Therefore, Disc A is recommended to carry more 
loads under these situations. 
 In Figure 4B, radial displacements at the inner surface 
are higher than those at the outer surface for both discs, 
and they decrease gradually along the radius. Radial dis-
placements at Disc A are higher than those of Disc B at 
the inner surface, whereas they are nearly the same at the 
outer surface. 
4.2   Results under constant temperature,  T 
 The variations of tangential and radial stresses for both 
discs subjected to uniform temperature,  T , are shown in 
Figure  5 . It can be seen in this figure that the analytical 
and numerical results are very well consistent with each 
other. 
 If the stresses at Disc A and Disc B are compared with 
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 Figure 5   Variations of tangential and radial stresses at Disc A (A) and Disc B (B) under uniform temperature. 
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tangential stress values of Disc B are slightly higher than 
those of Disc A at the inner surface. For both discs, the 
absolute tangential stress values at the inner surface are 
higher than those at the outer surface. For Disc A, tan-
gential stresses are compressive at the inner surface, 
whereas they are tensile at the outer surface, but these 
values for Disc B are opposite those of Disc A. Radial 
stresses are zero at the inner and outer surface, and they 
are maximum nearly at  r = 80 mm for both discs in abso-
lute value. 
 The variations of radial displacements at Disc A 
and Disc B under uniform temperature loads are shown 
in Figure  6 . Displacement results from analytical and 
numerical solutions, ANSYS  ®  , are matched well for both 
discs, respectively. For both discs, the radial displace-
ment values increase gradually from the inner surface 
through the outer surface, and by increasing temperature, 
they increase excessively. If the displacements at Disc A 
and Disc B are compared with each other, it can be seen 
from Figure 6 that the displacements at Disc B are slightly 
higher than those at Disc A. 
4.3   Results under varying temperatures,  
T i ,  T o 
 As seen in Figures  7 and  8 , the analytical and numeri-
cal results are very well consistent with each other for 
both discs, respectively. Figure 7 shows the variations of 
the tangential stresses at both discs subjected to linearly 
increasing and decreasing temperatures. All tangential 
stresses are higher at the inner surface, and they vary from 
tensile to compressive and from compressive to tensile 
and get zero values nearly at the middle of the disc section 
( r = 97 mm). 
 At the inner surface, when the  T i gets a value and the 
others are zero ( T = T o = 0 ° C), the temperatures  T (r) decrease 
linearly along the radial direction, whereas the tempera-
ture  T (r) increases linearly when  T o gets a value at the outer 
surface, and the others are zero ( T = T i = 0 ° C). 
 For Disc A, when the temperature  T (r) decreases line-
arly from the inner radius to the outer radius, for example 
( T i = 300 ° C,  T o = 0 ° C), tangential stresses increase gradu-
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 Figure 6   Variations of radial displacements at Disc A (A) and Disc B (B) under uniform temperature. 
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direction, and they are higher in absolute value at the 
inner surface, as seen in Figure 7A. When the temperature 
 T (r) increases linearly from the inner radius to the outer 
radius, for example ( T i = 0 ° C,  T o = 300 ° C), the tangential 
stresses decrease gradually from tensile to compressive 
stress along the radial direction for Disc A, as seen in 
Figure 7A. 
 For Disc B, when the temperature  T (r) decreases line-
arly from the inner radius to the outer radius, for example 
( T i = 300 ° C,  T o = 0 ° C), the tangential stresses increase grad-
ually from compressive to tensile stress along the radial 
direction, as seen in Figure 7B. When the temperature 
 T (r) increases linearly from the inner radius to the outer 
radius, for example ( T i = 0 ° C,  T o = 300 ° C), the tangential 
stresses decrease gradually from tensile to compressive 
stress along the radial direction for Disc B, and they have 
higher values at the inner surface, as seen in Figure 7Bb. 
 If the tangential stresses at Disc A and Disc B are com-
pared with each other, they are compressive and higher at 
Disc A, whereas they are compressive and lower at Disc 
B at the inner surface for  T i = 300 ° C,  T o = 0 ° C temperature 
loads. Similarly, they are tensile and higher at Disc B, 
whereas they are tensile and lower at Disc A at the inner 
surface for  T i = 0 ° C,  T o = 300 ° C temperature loads. 
 Figure 8 shows the variations of the radial stresses at 
both discs subjected to linearly increasing and decreas-
ing temperatures. As seen in Figure 8, the analytical 
and numerical results are matched well for both discs, 
respectively. 
 For Disc A, when the temperature  T (r) decreases line-
arly from the inner radius to the outer radius, for example 
( T i = 300 ° C,  T o = 0 ° C), the radial stresses increase gradually 
from zero stress at the inner radius to compressive stress 
(-80 MPa) at  r = 80 mm and get zero stress at the outer 
surface. When the temperature  T (r) increases linearly from 
the inner radius to the outer radius, for example ( T i = 0 ° C, 
 T o = 300 ° C), the radial stresses increase gradually from 
zero stress at the inner radius to tensile stress (40 MPa at 
 r = 80 mm) and get zero stress at the outer surface, as seen 
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 Figure 7   Variations of tangential stresses at Disc A (A) and Disc B (B) under linearly increasing and decreasing temperatures. 
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 For Disc B, when the temperature  T (r) decreases line-
arly from the inner radius to the outer radius, for example 
( T i = 300 ° C,  T o = 0 ° C), the radial stresses increase gradually 
from zero stress at the inner radius to compressive stress 
(-40 MPa at  r = 80 mm) and get zero stress at the outer 
surface. When the temperature  T (r) increases linearly from 
the inner radius to the outer radius, for example ( T i = 0 ° C, 
 T o = 300 ° C), the radial stresses increase gradually from 
zero stress at the inner radius to tensile stress (80 MPa at 
 r = 80 mm) and get zero stress at the outer surface, as seen 
in Figure 8B. 
 If the tangential stresses are compared with radial 
stresses at Disc A and Disc B, it can be seen in Figures 7 
and 8 that the tangential stresses are much higher than 
the radial stresses. 
 The variations of radial displacements at both discs 
under linearly increasing and decreasing temperatures 
are shown in Figure  9 . As seen in this figure, the analyti-
cal and numerical results for the displacements are also 
matched well for both discs, respectively. 
 The radial displacements increase gradually from 
the inner surface to the outer surface depending on the 
temperature loads for both discs. The radial displacement 
values at the outer surface are higher than those at the 
inner surface for both discs. For all temperature loads, 
the radial displacements at Disc B are slightly higher than 
those at Disc A, as seen in Figure 9. 
5   Conclusions 
 In this study, stress analysis of functionally graded discs 
subjected to internal pressure and various temperature 
distributions, such as uniform  T , linearly increasing  T o , 
and decreasing  T i temperatures in radial directions are 
performed in analytical and numerical solutions. For 
disc material, metal matrix composite, AlSiC, is selected 
as a real material from MatWeb. Two types of discs 
are arranged, depending on the percentage of SiC in 
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 Figure 8   Variations of radial stresses at Disc A (A) and Disc B (B) under linearly increasing and decreasing temperatures. 
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aluminum through the radial direction from the inner to 
the outer radius, as Disc A (30 % to 70 % SiC) and Disc B 
(70 % to 30 % SiC). For all results obtained, the analytical 
and numerical solutions are found very well consistent 
with each other. 
 The following conclusions can be derived from this 
study:
a.  When an internal pressure is applied to the discs, 
the radial stresses are found compressive and equal 
to the internal pressure at the inner surface and 
zero at the outer surface. The radial stresses at Disc 
A are slightly higher than those at Disc B. As for 
the tangential stresses at Disc B, they are tensile 
and substantially higher than those of Disc A at the 
inner surface. Therefore, Disc A is recommended 
to carry more loads than Disc B in this kind of 
situation. 
b.  For the constant temperature loads only ( T ), tangen-
tial stresses are found substantially higher than 
radial stresses for both discs. In absolute value, 
they are also found to be the highest at the inner 
surface but the lowest at the outer surface for both 
discs. They increase at the inner surface, whereas 
they decrease at the outer surface with increasing 
temperature. The tangential stresses vary gradu-
ally from the inner surface to the outer surface as 
compressive to tensile for Disc A, but they vary from 
tensile to compressive for Disc B. In the absolute 
value, they are also found slightly higher for Disc B 
than for Disc A at the inner surface. Therefore, Disc 
A is recommended to carry more thermal loads than 
Disc B. 
c.  For the varying temperature loads ( T i and  T o ), tan-
gential stresses are substantially higher than radial 
stresses for both discs. For linearly decreasing tem-
perature loads ( T i only), the tangential stresses are 
found compressive at the inner surface and tensile at 
the outer surface, and they are also found higher at 
Disc A than at Disc B. For linearly increasing tem-
perature loads ( T o only), the tangential stresses are 
found tensile at the inner surface and compressive 
at the outer surface, and they are also found higher 
at Disc B than at Disc A. Therefore, Disc A is recom-
mended as the high tensile stress at the inner surface 
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 Figure 9   Variations of radial displacements at Disc A (A) and Disc B (B) under linearly increasing and decreasing temperatures. 
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d.  The radial displacement values in both discs sub-
jected to uniform temperature  T are higher than 
those of discs that are subjected to linearly increas-
ing  T o and decreasing  T i temperatures. For all the 
temperature loads, the radial displacements at the 
outer surface are found higher than those at the 
inner surface. Also, the radial displacements at Disc 
B are found slightly higher than those at Disc A. 
Therefore, Disc A is recommended than Disc B as 
Disc A has small radial displacements. 
Received April 25, 2012; accepted June 23, 2012; previously 
published online July 26, 2012.
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